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ON THE COMPLEXITY OF TOPOLOGICAL CONJUGACY OF
COMPACT METRIZABLE G-AMBITS
BURAK KAYA
Abstract. In this note, we analyze the classification problem for compact
metrizable G-ambits for a countable discrete group G from the point of view of
descriptive set theory. More precisely, we prove that the topological conjugacy
relation on the standard Borel space of compact metrizable G-ambits is Borel
for every countable discrete group G.
1. Introduction
Let G be a topological group. A G-flow is a triple (X,G,Γ) whereX is a compact
Hausdorff space and Γ : G×X → X is a continuous action of G on X . A G-ambit is
a G-flow with a distinguished point whose G-orbit is dense, i.e. a quadruple of the
form (X,G,Γ, α) where (X,G,Γ) is a G-flow, α ∈ X and {Γ(g, α) : g ∈ G} = X .
From now on, for notational simplicity, we shall denote the point Γ(g, x) by g · x.
Two G-ambits (X,G,Γ, α) and (Y,G,Γ′, β) are said to be topologically conjugate
if there exists a homeomorphism π : X → Y such that π(α) = β and π(g · x) =
g · π(x) for all g ∈ G and x ∈ X . From the point of view of topological dynamics,
topologically conjugate G-ambits are considered the same. Our aim in this note
is to analyze the complexity of the topological conjugacy problem for compact
metrizable G-ambits for a countable discrete group G.
Over the last couple decades, a mathematical framework to rigorously com-
pare the complexity of classification problems has been developed and successfully
applied to diverse areas of mathematics. The idea is to represent classes of mathe-
matical structures as Polish spaces, i.e. completely metrizable separable topological
spaces, and apply the techniques of descriptive set theory to analyze classification
problems considered as definable equivalence relations on these Polish spaces. For
a detailed development of this framework, we refer the reader to [Gao09].
In recent years, there has been a growing literature on the descriptive set the-
oretic analysis of classification problems from topological dynamics. For example,
see [Cle09], [Tho13], [GJS15], [ST], [GH16] and [Kay17]. In this note, we extend
this study to compact metrizable G-ambits and prove the following.
Theorem 1.1. Let G be a countable discrete group. Then the topological conjugacy
relation on the standard Borel space of compact metrizable G-ambits is Borel.
Intuitively speaking, our result shows that there exists a countable (possibly,
transfinite) procedure that uses countable amount of information for determining
whether or not two compact metrizable G-ambits are topologically conjugate. On
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the other hand, the proof uses a classical theorem of Suslin and does not provide
us with such an explicit procedure.
This note is organized as follows. In Section 2, we provide the necessary back-
ground from descriptive set theory. In Section 3, we construct the standard Borel
space of compact metrizable G-ambits for a countable discrete group G. In Section
4, we prove Theorem 1.1. In Section 5, we discuss some issues regarding our coding
of compact metrizable G-ambits and conclude with some open questions.
2. Background from descriptive set theory
In this section, we shall recall by some basic definitions and facts from descriptive
set theory. For a general background, we refer the reader to [Kec95].
A measurable space (X,B) is called a standard Borel space if B is the Borel
σ-algebra of some Polish topology on X . It is well-known that if A ⊆ X is a Borel
subset of a standard Borel space (X,B), then (A, {A∩B : B ∈ B}) is also a standard
Borel space [Kec95, Corollary 13.4].
A subset of a Polish space (X, τ) is said to be analytic if it is the projection of
a Borel set B ⊆ X × Y , i.e. it is of the form
{x ∈ X : ∃y ∈ Y B(x, y)}
for some Polish space (Y, τ ′). A subset of a Polish space (X, τ) is said to be
coanalytic if its complement is analytic, i.e. it is of the form
{x ∈ X : ∀y ∈ Y B(x, y)}
for some Polish space (Y, τ ′) and Borel relation B ⊆ X × Y . It is clear that
all Borel sets are analytic. On the other hand, there exist analytic sets that are
not Borel [Kec95, Theorem 14.2]. One can even find striking examples of such sets
among classification problems. For example, Foreman, Rudolph andWeiss [FRW11]
showed that the conjugacy relation on the space of ergodic measure preserving
transformations is an analytic non-Borel set. This result may be interpreted as a
strong anti-classification result since it shows that no “explicit procedure” exists for
determining whether or not two such transformations are conjugate. The following
classical theorem of Suslin gives the relationship between Borel sets and analytic
sets.
Fact 2.1. Let S be a subset of a Polish space (X, τ). Then S is Borel if and only
if S is analytic and coanalytic.
Finally, we turn our attention to a special class of Polish spaces that will be used
throughout this note. Let (X, τ) be a Polish space with a compatible complete
metric d. It is well-known that the set K(X) of non-empty compact subsets of X
endowed with the topology induced by the Hausdorff metric
δd(C1, C2) = max{max
x∈C1
d(x,C2),max
y∈C2
d(y, C1)
is a Polish space [Kec95, §4.F].
3. The standard Borel space of compact metrizable G-ambits
In this section, we shall construct the standard Borel space of compact metrizable
G-ambits for a countable discrete group G. Our construction basically follows one
of the several constructions of compact metrizable Z-flows given by Beleznay and
Foreman [BF95].
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For the rest of this note, let G be a fixed countable discrete group. Since the
collection of compact metrizableG-ambits is a proper class, in order to construct the
standard Borel space of such G-ambits, we need to “code” each compact metrizable
G-ambit as an element of a set.
Let H denote the Hilbert cube [0, 1]N. Recall that any compact metric space
is homeomorphic to a compact subset of H and that this homeomorphism can be
canonically constructed via the metric and a dense subset [Kec95, Theorem 4.14].
Thus we can assume without loss of generality that the underlying topological space
of a compact metrizable G-flow is a compact subset of H.
Let (X,G,Γ, α) be a G-ambit. For each g ∈ G, the (graph of the) homeomor-
phism Γ(g, ·) given by w 7→ g · w is a compact subset of X2 and hence of H2. We
shall code the G-ambit (X,G,Γ, x) as an element of the Polish space (K(H2))G×H
by representing each homeomorphism Γ(g, ·) as an element of K(H2) in the corre-
sponding component.
LetA be the subset of (K(H2))G×H consisting of elements ((λg)g∈G, α) satisfying
the following conditions.
a. ∀g ∈ G “λg is a homeomorphism between compact subsets of H
2”
b. ∀g ∈ G dom(λg) = ran(λg)
c. ∀x ∈ H ∀g, h ∈ G x ∈ dom(λg)↔ x ∈ dom(λh)
d. ∀x ∈ H x ∈ dom(λ1G )→ λ1G(x) = x
e. ∀x ∈ H ∀g, h ∈ G x ∈ dom(λg)→ λg(λh(x)) = λgh(x)
f. α ∈ dom(λ1G )
g. ∀x ∈ H ∀ǫ ∈ Q+ ∃g ∈ G x ∈ dom(λ1G)→ dH(λg(α), x) < ǫ
where dH is a compatible complete metric for H. We claim that A is Borel.
That conditions [a] and [b] define Borel subsets of (K(H2))G × H follows from
[BF95, Lemma 3.5]. Observe that that, provided that [a] and [b] hold, the universal
quantifications over H in other conditions can be replaced by universal quantifica-
tions over a fixed countable dense subset of H, since λg is continuous and dom(λg)
is closed for all g ∈ G. Moreover, the relations
{(s, C) ∈ S ×K(S) : s ∈ C} and {(s, C) ∈ S ×K(S × S) : s ∈ π1(C)}
are Borel (indeed, closed) relations for any Polish space S, where π1 is the projection
onto the first component. It easily follows that A is Borel and hence is a standard
Borel space on its own.
The standard Borel space A is the space of compact metrizable G-ambits. In
the next section, we shall prove that the topological conjugacy relation on A is a
Borel subset of A×A.
4. Proof of Theorem 1.1
Let H be the Borel subset of K(H2) satisfying condition [a] in the previous
section, i.e. H is the standard Borel space of homeomorphisms between compact
subsets of H2. By definition, two G-ambits ((λg)g∈G, α), ((θg)g∈G, β) ∈ A are
topologically conjugate if and only if there exists f ∈ H
• dom(f) = dom(λ1G) ∧ ran(f) = dom(θ1G )
• ∀x ∈ H ∀g ∈ G (x ∈ dom(λ1G)→ f(λg(x)) = θg(f(x)))
• (α, β) ∈ f
As was the case before, in order to check the first two conditions, it suffices to
quantify over a fixed countable dense subset of H. Consequently, the subset of
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H × A × A defined by these three conditions is Borel and hence the topological
conjugacy relation on A is an analytic subset of A × A. It remains to prove that
this relation is also coanalytic.
Let (X,G,Γ, α) and (Y,G,Γ′, β) be compact metrizable G-ambits. Since the
G-orbits of α and β are dense in X and Y respectively, we may naively attempt to
continuously extend the map g · α 7→ g · β from the G-orbit of α to all of X . More
precisely, consider the relation f defined by
f(x) = lim
i→∞
gi · β if x = lim
i→∞
gi · α for some sequence (gi)i∈N ∈ G
N
It is easily seen that any topological conjugacy between these G-ambits, if exists,
is unique and has to be of this form. Why does this naive approach not prove that
all compact metrizable G-ambits are topologically conjugate?
One reason is that it may be possible for (gi ·α) to converge while (gi ·β) diverges,
in which case the domain of f is not X . Another reason is that it may be possible
for (gi · α) and (hi · α) to converge to the same point while (gi · β) and (hi · β)
converge to different points, in which case f is not well-defined.
A moment’s thought shows that these are the only obstructions preventing f
from being a continuous function with domain X , i.e. f is a continuous function if
(gi · β) converges whenever (gi · α) converges, and (gi · β) and (hi · β) converge to
the same point whenever (gi · α) and (hi · α) converge to the same point. Arguing
symmetrically, one can also express necessary and sufficient conditions for f being
one-to-one and onto in terms of the convergence of sequences of points. Provided
that f is a homeomorphism, it is straightforward to check that f intertwines the
action of G and that f(α) = β. These observations provide us with the following
(slightly complicated) characterization of topological conjugacy.
Two compact metrizable G-ambits (X,G,Γ, α) and (Y,G,Γ′, β) are topologically
conjugate if and only if for all sequences (gi), (hi) ∈ G
N, we have that
i. (gi · α) converges (equivalently, is Cauchy) if and only if (gi · β) converges
(equivalently, is Cauchy)
ii. If (gi · α) and (hi · α) converge (equivalently, are Cauchy), then
lim
i→∞
gi · α = lim
i→∞
hi · α←→ lim
i→∞
gi · β = lim
i→∞
hi · β
We remark that whether or not a sequence (gi · α) is Cauchy can be checked in a
Borel way. More precisely, the relation
{((gi), ((λg)g∈G, α)) : ∀ǫ ∈ Q
+ ∃k ∀m,n ≥ k dH(λgm (α), λgn(α)) < ǫ}
is a Borel subset of GN × A since the set defined by the quantifier-free part of
the condition is Borel for each ǫ ∈ Q+ and m,n ∈ N. Similarly, whether or not
two Cauchy sequences (gi · α) and (hi · α) have the same limit can be expressed
by a Borel condition. Consequently, conditions [i] and [ii] define a Borel subset of
GN ×GN ×A × A. It follows that the topological conjugacy relation on A × A is
also coanalytic and hence is Borel by Fact 2.1.
5. Concluding remarks
We remark that the Borel structure of the space of compact metrizable G-ambits
is crucial for the proof of Theorem 1.1. It may not be obvious at first sight whether
or not the same proof would work if we used a different coding of compact metrizable
G-ambits. For example, there are three different constructions offered for the space
4
of compact metrizable Z-flows in [BF95]. However, all these different constructions
are proven to be equivalent up to Borel functions.
In practice, whenever there are different natural codings of the same class of
mathematical structures as standard Borel spaces, these codings turn out to be
equivalent up to Borel functions. Consequently, the analysis of the complexity of
classification problems is not effected by the choice of coding. This phenomenon
is so frequently observed that it is proposed in [Gao09, §14.1] as an analogue of
the Church-Turing thesis for the descriptive set theoretic analysis of classification
problems.
The proof of Theorem 1.1 does not explicitly give a Borel condition characterizing
topological conjugacy of compact metrizable G-ambits. On the one hand, such
Borel conditions have been found for certain classes of G-ambits. For example,
the author proved in [Kay17] that the collection of countable atomless Z-syndetic
Boolean subalgebras of P(Z) can be used as a complete invariant for topological
conjugacy of pointed Cantor minimal systems, i.e. Z-ambits whose underlying space
is the Cantor space and all of whose orbits are dense. On the other hand, as far
as the author knows, no Borel condition is known for arbitrary compact metrizable
G-ambits. We thus pose the following question.
Open question 1. With respect to Borel reducibility, what is the complexity of
the topological conjugacy relation on the space of compact metrizable G-ambits for
various countable discrete groups G?
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